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SELF-DIFFUSION I N  UNIAXIAL L I Q U I D  CRYSTALS 

G I O R G I O  MORO, PIER L U I G I  N O R D I O  and ULDERICO SEGRE 
I n s t i t u t e  of P h y s i c a l  Chemistry,  U n i v e r s i t y  of 
Padua, I t a l y .  

A b s t r a c t  Expres s ions  a r e  g iven  f o r  t h e  t r a n s l a t i o n a l  
d i f f u s i o n  pa rame te r s  of non-spher ica l  s o l u t e s  i n  nema- 
t i c  and smectic-A phases ,  a s  measured by magnet ic  
f i e l d  g r a d i e n t  spin-echo NMR. 

I N T R O D U C T I O N  

In a p rev ious  paper  an  exac t  e x p r e s s i o n  has  been d e r i v e d  

f o r  t h e  d i f f u s i o n  pa rame te r s  c h a r a c t e r i z i n g  t h e  t r a n s l a t i o -  

n a l  mot ions  of  s p h e r i c a l  s o l u t e s  i n  u n i a x i a l  phases ,  f o r  

which d e t a i l e d  expe r imen ta l  d a t a  a r e  ava i l ab le .L  The theo re -  

t i c a l  t r e a t m e n t  was based on a d i f f u s i o n  model, in which 

t h e  coup l ing  wi th  t h e  r o t a t i o n s  could  be avoided because  

of  t h e  symmetry of t h e  problem. 

In t h e  p r e s e n t  work, t h e  theo ry  i s  g e n e r a l i z e d  t o  mol- 

e c u l e s  of a r b i t r a r y  shape, a s  a r e  t h e  r e a l  p robes  of most 

NMR  experiment^.^ Although t h e  s o l u t i o n  of t h e  f u l l  r o t o -  

t r a n s l a t i o n a l  problem i s  r e q u i r e d  i n  t h e  c a s e  of smec t i c s ,  

a n a l y t i c a l  e x p r e s s i o n s  a r e  s t i l l  o b t a i n a b l e  i f  d e a l i n g  w i t h  

s o l u t e s  whose d imens ions  are sma l l e r  t han  t h e  c h a r a c t e r i s t i c  

l a y e r  spac ings .  

113 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
12

 2
0 

Fe
br

ua
ry

 2
01

3 



114 G. MORO. P. L. NORDIO AND U. SEGRE 

DIFFUSIONAL THEORY 

The d i f f u s i o n  o p e r a t o r  for n o n - s p h e r i c a l  s o l u t e s  i n  u n i -  

a x i a l  l i q u i d  c r y s t a l s  i s  w r i t t e n  i n  t h e  form : 

- 

(1) 
= M*QR*P M P-' - 0.Q T (R).P V P - l  

- -  - - _  - 

where M a re  g e n e r a t o r s  o f  i n f i n i t e s i m a l  r o t a t i o n s  a b o u t  t h e  

m o l e c u l a r  a x e s ,  and v i s  t h e  g r a d i e n t  o p e r a t o r  r e f e r r e d  t o  

t h e  l a b o r a t o r y  f rame h a v i n g  t h e  z - a x i s  p a r a l l e l  t o  t h e  

mesophase d i r e c t o r  n ;  gR and QT(Q) a re  t h e  r o t a t i o n a l  and 

t r a n s l a t i o n a l  d i f f u s i o n  t e n s o r s ,  t h e  l a t t e r  b e i n g  e x p e c t e d  

t o  be  o r i e n t a t i o n - d e p e n d e n t  i n  t h e  f i x e d  l a b o r a t o r y  f rame.  

The e q u i l i b r i u m  d i s t r i b u t i o n  f u n c t i o n  i s  i n  g e n e r a l  a non- 

f a c t o r i z a b l e  f u n c t i o n  of  t h e  z - c o o r d i n a t e  and t h e  E u l e r  

a n g l e s ,  P - P ( z , R ) .  

- 

- 

- -  

The t r a n s l a t i o n a l  d i f f u s i o n  p a r a m e t e r  D ( u ) ,  a s  measu-  

r e d  a l o n g  t h e  a r b i t r a r y  l a b o r a t o r y  d i r e c t i o n  u by NMR 

f i e l d  g r a d i e n t  t e c h n i q u e s  5 ,  i s  d e f i n e d  i n  t e r m s  o f  t h e  

mean s q u a r e  d i s p l a c e m e n t  A r ( t )  = r ( t )  - r(0) as: 

- 

- 

- 

(2) 

The s t a t i s t i c a l  a v e r a g e  i n  Eq. ( 2 )  r e q u i r e s  t h e  eva- 

l u a t i o n  o f  t h e  c o r r e l a t i o n  f u n c t i o n  F ( k , t )  : 
U 

F ( k , t )  = i d r  dR e x p ( - i k  r * u )  exp(-Rt)  _ _  - U 

e x p ( i k  - -  r - u )  P(z,CL) (3) 

In terms of  t h e  Lap 

d i f f u s i o n  p a r a m e t e r  

S2 
D(U> = l i m  -- 2 

S ' O  

a c e  t r a n s f o r m  F ( k , s ) ,  t h e  t r a n s l a t i o n  

D(u)  h a s  t h e  form : 
U 

- 

- --- a 2  F U ( k , s ) l  

k=O 2k2 ( 4 )  

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
12

 2
0 

Fe
br

ua
ry

 2
01

3 



SELF-DIFFUSION IN UNIAXIAL LIQUID CRYSTALS 

A f t e r  some manipula t ion  one o b t a i n s :  

where: 

gu(k) = ER + W Z T  + k2 D u u ( Q )  T - 

with: 

1 I5 

By fo l lowing  t h e  same procedure  o u t l i n e d  i n  r e f .  1 f o r  

t h e  c a l c u l a t i o n s  of t h e  d e r i v a t i v e s  wi th  r e s p e c t  t o  k of 

t h e  o p e r a t o r  & ( k ) ,  one o b t a i n s :  

D(g) = / d z  dS3{Du:(S3) + 

In t h e  nex t  s e c t i o n s ,  t h e  r e s u l t s  f o r  nematic and smect ic  

phases  s h a l l  be d i scussed  s e p a r a t e l y .  

NEMATIC PHASES 

I n  a nematic phase ,  t h e  second term i n  t h e  i n t e g r a l  i s  ze ro ,  

and D(2) can be e a s i l y  c a l c u l a t e d  by assuming t h e  t r a n s l a -  

t i o n a l  d i f f u s i o n  t e n s o r  d iagonal  and a x i a l l y  symmetric i n  

a molecular  a x i s  system. Denoting by 0 t h e  a n g l e  between 

and n ,  we have : - 

D ( 0 )  = D c 0 s 2 0  + D s i n 2 8  I /  1 
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I16 G. MORO, P.  L.  NORDIO A N D  U.  SEGRE 

T 

phase  c a n  i n  p r i n c i p l e  be e v a l u a t e d  from t h e  Stokes-Ein-  

i n  t h e  i s o t r o p i c  I I  and "i The p r i n c i p a l  v a l u e s  U 

e l l i p s o i d s .  The a n i s o t r o p y  

be : 

s t e i n  r e l a t i o n s h i p  f o r  p r o l a t e  
T r a t i o  D l l  / D T  i s  p r e d i c t e d  t o  

+ 2 P l  ' 

2 p r '  

~ ( p )  = 2 ( p 2 -  1)- i  ln{P  + ( p 2  - 1); I ( 1 2 )  

where P z 1  i s  t h e  r a t i o  between t h e  semiaxes of t h e  e l l i p -  

s o i d .  The a n i s o t r o p y  r a t i o  i s  t h e n  r e s t r i c t e d  t o  v a r y  be- 

tween one  and two. The above f o r m u l a t i o n  i g n o r e s  t h e  a n i -  

s o t r o p y  of t h e  v i s c o s i t y ,  which would s u g g e s t  t o  c o n s i d e r  

- D as  d i a g o n a l  i n  t h e  l a b o r a t o r y  f rame.  T h i s  a n i s o t r o p y  

e f f e c t  i s  c l e a r l y  m a n i f e s t e d  by t h e  e x p e r i m e n t a l  r a t i o  

D /D # 1 f o r  t h e  q u a s i - s p h e r i c a l  methane molecule . '  A s  

a l r e a d y  done f o r  t h e  r o t a t i o n a l  d i f f u s i o n , '  a p o s s i b l e  

improvement o f  t h e  t h e o r y  might  c o n s i s t  i n  t h e  i n c l u s i o n  

of v i s c o s i t y  a n i s o t r o p y  i n t o  t h e  hydrodynamic f r i c t i o n  

co  e f f i c  i en t s . 

T 
- 

1 1  1 

8 

SMECTIC-A PHASES 

I n  s m e c t i c  p h a s e s ,  t h e  a n g u l a r  dependence of t h e  t r a n s l a -  

t i o n a l  d i f f u s i o n  t e n s o r  i n t r o d u c e s  a r o t o - t r a n s l a t i o n a l  

c o u p l i n g  i n t o  t h e  problem even i f  t h e  d i s t r i b u t i o n  func-  

t i o n  P ( z , R )  i s  f a c t o r i z e d .  A c t u a l l y ,  i f  a McMillan form 

f o r  t h e  mean-f ie ld  p o t e n t i a l  i s  assumed,P(z,R) i s  n o t  

f a c t o r i z a b l e ,  and t h i s  g i v e s  r i s e  t o  a more i m p o r t a n t  

c o u p l i n g  t e r m .  T h e r e f o r e ,  a comple te  b a s i s  o n  t h e  ( z , n >  

v a r i a b l e s  i s  needed t o  r e p r e s e n t  t h e  o p e r a t o r  R + R Z  , 
and t h u s  t o  s o l v e  n u m e r i c a l l y ,  by i n v e r s i o n ,  t h e  k e r n e l  

-R - T  D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
12

 2
0 

Fe
br

ua
ry

 2
01

3 



SELF-DIFFUSION IN UNIAXIAL LIQUID CRYSTALS I17 

i n  E q .  (8  . A convenient  b a s i s  i s  provided  by t h e  p roduc t s  

of Wigner f u n c t i o n s  and t h e  s e t  of f u n c t i o n s  exp(Znimz/d) 

p e r i o d i c  n t h e  l a y e r  spac ing  d .  However, i f  t h e  t ime s c a l e  

f o r  r o t a t i o n a l  mot ions  can be assumed t o  be f a s t e r  t h a n  t h e  

t i m e  s c a l e  f o r  t r a n s l a t i o n s ,  i .e .  i f  IgRI>> ID  1 / d', t h e n  

a p r o j e c t i o n  o f  t h e  d i f f u s i o n  o p e r a t o r  o n t o  t h e  subspace of 

t h e  slow v a r i a b l e  z can  be performed. From t h e  Stokes-Ein- 

s t e i n  r e l a t i o n s ,  t h e  above c o n d i t i o n  i s  expected t o  be va- 

l i d  when t h e  molecu la r  dimensions are l e s s e r  t h a n  d ,  i . e .  

f o r  t h e  mot ion  of s m a l l  s o l u t e  probes .  With t h e  fo l lowing  

d e f i n i t i o n s  f o r  t h e  o r i e n t a t i o n a l  and s p a t i a l  ave rages  of 

a g e n e r a l  f u n c t i o n  f ( z , n )  : 

T 
- 

- 
f ( z )  PT(z )  = i d n  f ( z , Q )  P ( z , Q )  (13)  

(13') 
d T <f PT > = J  d z  T ( z )  P (z) 

t h e  e x p r e s s i o n  f o r  D(2) becomes: 

a - T  T 
a Z  D U Z  

. -- P >  

T I n  t h e  above e q u a t i o n s ,  P ( z )  r e p r e s e n t s  t h e  reduced t r a n s -  

l a t i o n a l  d i s t r i b u t i o n  f u n c t i o n ,  normal ized  i n  t h e  d - i n t e r -  

V a l .  We aga in  proceed i n  t h e  same manner as i n  r e f .  1 t o  

c a l c u l a t e  e x p l i c i t e l y  t h e  second term a t  t h e  r igh t -hand 

I I  and "I s i d e  of  E q .  ( 1 4 ) ,  and t o  o b t a i n  t h e  components D 
of D ( 6 ) :  

D I I  =d2  

D _ I =  c T - (D,, - D T, tFz>}/ 3 T 

I D,; + ZDl 
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I I8 G. MORO, P. L.  NORDIO AND U .  SEGRE 

N o t i c e  t h a t  F2, t h e  o r i e n t a t i o n a l l y  averaged  second-rank 

Legendre polynomia l ,  i s  p o s i t i o n a l l y  dependent  a s  a con- 

sequence  of Eq. ( 1 3 ) .  I f  t h e  z-dependence of c o u l d  be 

i g n o r e d ,  o n e  would o b t a i n  f o r  D a r e s u l t  a n a l o g o u s  t o  

E q .  (10) f o r  t h e  n e m a t i c s ,  e x c e p t  f o r  t h e  m u l t i p l y i n g  

f a c t o r  : 

2 

I I  

d 2  { J d  dz  / P T ( z )  I-’ (16)  

I n  t h e  l i m i t  of  s t e e p  t r a n s l a t i o n a l  d i s t r i b u t i o n s ,  t h i s  

f a c t o r  assumes t h e  Arrhenius- type  form: 10 

71 A exp (-A) (17)  

where A i n  kT u n i t s  i s  t h e  b a r r i e r  h e i g h t  f o r  a t r a n s l a -  

t i o n a l  jump a c r o s s  t h e  s m e c t i c  l a y e r s .  
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